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1 INTRODUCTION
Probabilistic Programming (PP) is one of the most successful formalisms to design and deploy

Bayesian statistical models [127]. A probabilistic program consists of two components: (i) a formal

specification of a stochastic generative process and (ii) a collection of observed outcomes for such

process. Together, they define a posterior probability distribution over the latent variables of the

generative process, obtained by conditioning the process with respect to the given observations.

Starting from a generic probabilistic program, a PP compiler can automatically synthesize an

inference algorithm to approximate the posterior distribution, without requiring any additional

implementation effort from the end user. This approach has been very popular, giving rise to a

plethora of languages, like Stan [19], Edward [125], PyMC3 [112] and many others [6, 44, 72, 75,

82, 119, 124].

Recently, a new breed of PP frameworks has been developed in the context of Statistical Relational

Learning (or SRL[106]). These languages adopt a declarative approach to probabilistic programming,

by expressing a program as a relational stochastic process that is conditioned by first-order logic

constraints. The two most recent additions to this line of work are Gamma Probabilistic Databases

(or Gamma-PDBs [78]) and Probabilistic Programming Datalog (or PPDL [6]). The framework of
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Gamma-PDBs is a novel database-centric probabilistic programming language, where probabilistic

programs are expressed as relational algebra constraints [1], imposed against a probabilistic data-

base [120]. PPDL introduces a probabilistic variant of Datalog [21], that can express probabilistic

programs through the use of relational constraints. The main technical contribution of this
paper is to merge these two distinct and independent lines of research, introducing a
novel PP language that combines elements of [78] and [6]. In doing so, we improve on the

state-of-the-art in several directions:

(1) PPDL is strictly more expressive than Gamma-PDBs, but lacks any mechanism to translate a

probabilistic Datalog theory into a functional inference algorithm; consequently, it lacks any

functional implementation. We address this problem by identifying a syntactic restriction to

PPDL that allows us to apply the techniques from [78] to synthesize a Gibbs sampler from a

declarative PPDL theory. We verify this first claim by designing a PPDL theory for the Latent

Dirichlet Allocation model (or LDA [13]), from which our system can synthesize a functional

collapsed Gibbs sampler.

(2) We show that this newly identified, restricted PPDL language from (1) is strictly more

expressive than the language originally adopted by Gamma-PDBs [78], extending it with

a restricted form of recursion. We verify this second claim by designing a PPDL theory for

Hidden Markov models (or HMMs [104]), from which our system can synthesize a functional

inference algorithm. This result extends [78] significantly, since HMMs remain intractable

without recursion.

(3) We equip our PP engine with a just-in-time compiler [37], that allows our declarative PP

programs to compete in performance with tailor-coded implementations of common inference

algorithms. We verify this third claim by comparing our collapsed Gibbs sampler from (1)

with Mallet [76], a highly-optimized implementation of the very same inference algorithm.

The remainder of this paper is organized as follows: in Section 2 we formalize a propositional

language for probabilistic programming, in Section 3 we provide a lifted representation for the

language based on Datalog, in Section 4 we describe the practical implementation of our framework.

We conclude our discussion with experimental results.

2 PROPOSITIONAL PROBABILISTIC PROGRAMMING
In this section we introduce a simple propositional language to encode probabilistic programs.

We are going to use it as a stepping-stone to later (Section 3) introduce a more powerful, yet

less intuitive formalism based on Datalog. The sentences of our propositional language consist of

Boolean constraints, that are enforced over a collection of discrete random variables. We start by

defining a prior probability distribution over these variables.

2.1 Bayesian Dice
Let 𝜃𝜃𝜃 be a random vector with 𝑑 components (𝜃1, .., 𝜃𝑑 ); we assume that 𝜃𝜃𝜃 follows a Dirichlet

distribution, parametrized by some known 𝑑-dimensional vector 𝛼𝛼𝛼 :

𝑝 (𝜃𝜃𝜃 | 𝛼𝛼𝛼) ∝
𝑑∏
𝑖=1

𝜃
𝛼𝑖−1
𝑖

(1)

By construction, 𝛼𝛼𝛼 is a vector of positive real numbers (i.e. 𝛼𝛼𝛼 ∈ R𝑑+), and 𝜃𝜃𝜃 ranges over S𝑑 , the
(𝑑-1)-dimensional probabilistic simplex

S𝑑
def

= {(𝑦1, . . . , 𝑦𝑑 ) ∈ R𝑑+ :

𝑑∑︁
𝑖=1

𝑦𝑖 = 1} (2)
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Let 𝑋𝑋𝑋
def

= (𝑋 [𝑙1], .., 𝑋 [𝑙𝑚]) be a vector of𝑚 categorical random variables, that all range over the

same discrete domain {𝑣1, . . . , 𝑣𝑑 }. We use the labels {𝑙1, .., 𝑙𝑚} to index the elements of𝑋𝑋𝑋 ; we also

use random vector 𝜃𝜃𝜃 to parametrize a categorical distribution for all the random variables in𝑋𝑋𝑋 :

∀𝑗 ∈ {1, ..,𝑚} 𝑃 (𝑋 [𝑙 𝑗 ] | 𝜃𝜃𝜃 )
def

=

𝑑∏
𝑖=1

𝜃
1(𝑋 [𝑙 𝑗 ]=𝑣𝑖 )
𝑖

(3)

Here 1(𝑋 [𝑙 𝑗 ]=𝑣𝑖 ) denotes the indicator function, that evaluates to 1 when 𝑋 [𝑙 𝑗 ] = 𝑣𝑖 holds true, and
evaluates to 0 otherwise. Hence, Equation (3) simply states that 𝑃 (𝑋 [𝑙 𝑗 ] = 𝑣𝑖 | 𝜃𝜃𝜃 ) = 𝜃𝑖 . Equations (1)
and (3), together, define a joint density for both 𝜃𝜃𝜃 and𝑋𝑋𝑋 :

𝑝 (𝑋𝑋𝑋,𝜃𝜃𝜃 | 𝛼𝛼𝛼) def= 𝑃 (𝑋𝑋𝑋 | 𝜃𝜃𝜃 ) · 𝑝 (𝜃𝜃𝜃 | 𝛼𝛼𝛼) =
𝑚∏
𝑗=1

{𝑃 (𝑋 [𝑙 𝑗 ] | 𝜃𝜃𝜃 )} · 𝑝 (𝜃𝜃𝜃 | 𝛼𝛼𝛼) (4)

One can imagine the tuple (𝛼𝛼𝛼,𝜃𝜃𝜃,𝑋𝑋𝑋 ) as a simple Bayesian model, that describes a loaded die with

𝑑 faces: vector 𝜃𝜃𝜃 represents the (possibly unknown) bias of the die, values {𝑣1, . . . , 𝑣𝑑 } represent
the different faces of the die, each variable in𝑋𝑋𝑋 represents the outcome of rolling the die once, and

vector 𝛼𝛼𝛼 represents our prior knowledge about the bias 𝜃𝜃𝜃 . Following this intuition, from now on

we will use the term “Bayesian die” to refer to any model in the form (𝛼𝛼𝛼,𝜃𝜃𝜃,𝑋𝑋𝑋 ) that respects the
assumptions made above. As per common practice, we will refer to𝛼𝛼𝛼 as a vector of hyperparameters,

and to 𝜃𝜃𝜃 as a vector of latent parameters.

A Bayesian die always admits a closed posterior; the posterior density of 𝜃𝜃𝜃 after observing

variable 𝑋 [𝑙 𝑗 ] taking value 𝑣𝑟 is just another Dirichlet distribution:

𝑝 (𝜃𝜃𝜃 | 𝛼𝛼𝛼, 𝑋 [𝑙 𝑗 ] = 𝑣𝑟 ) ∝
𝑑∏
𝑖=1

𝜃
𝛼𝑖+1(𝑖=𝑟 )−1
𝑖

(5)

The same remains true if we have multiple observations. Let
ˆ𝑋𝑋𝑋 be a vector in {𝑣1, . . . , 𝑣𝑑 }𝑚 and

let’s denote by 𝑐 (𝑟, ˆ𝑋𝑋𝑋 ) the number of times value 𝑣𝑟 appears in ˆ𝑋𝑋𝑋 . The posterior of 𝜃𝜃𝜃 w.r.t. the𝑚

observations𝑋𝑋𝑋 = ˆ𝑋𝑋𝑋 is given by

𝑝 (𝜃𝜃𝜃 | 𝛼𝛼𝛼, 𝑋𝑋𝑋 = ˆ𝑋𝑋𝑋 ) ∝
𝑑∏
𝑖=1

𝜃
𝛼𝑖+𝑐 (𝑖, ˆ𝑋𝑋𝑋 )−1
𝑖

(6)

Equations (5) and (6) follow immediately from the properties of conjugate priors. They provide

an intuitive strategy to incorporate new information into a Bayesian die: if we observe the 𝑚

events 𝑋𝑋𝑋 = ˆ𝑋𝑋𝑋 , we can update our model to reflect this new evidence by simply increasing the

value of each hyper-parameter 𝛼𝑖 by 𝑐 (𝑖, ˆ𝑋𝑋𝑋 ) units. Following common practice, we will call these

units pseudo-counts or votes. The marginal likelihood of any variable 𝑋 [𝑙 𝑗 ] in𝑋𝑋𝑋 w.r.t. 𝛼𝛼𝛼 admits the

following closed representation

𝑃 (𝑋 [𝑙 𝑗 ] | 𝛼𝛼𝛼) =
∫
S𝑑
𝑃 (𝑋 [𝑙 𝑗 ] | 𝜃𝜃𝜃 ) · 𝑝 (𝜃𝜃𝜃 | 𝛼𝛼𝛼)𝑑𝜃𝜃𝜃 =

∏𝑑
𝑖=1 𝛼

1(𝑋 [𝑙 𝑗 ]=𝑣𝑖 )
𝑖∑𝑑
𝑖=1 𝛼𝑖

(7)

If we happen to observe 𝜃𝜃𝜃 , all the variables in𝑋𝑋𝑋 are, by construction, pairwise independent, i.e.

𝑃 (𝑋𝑋𝑋 | 𝜃𝜃𝜃 ) = ∏𝑚
𝑗=1 𝑃 (𝑋 𝑗 | 𝜃𝜃𝜃 ). The same does not hold true if the value of 𝜃𝜃𝜃 is unknown:

𝑝 (𝑋𝑋𝑋 | 𝛼𝛼𝛼) def=
∫
S𝑑
𝑃 (𝑋𝑋𝑋 | 𝜃𝜃𝜃 ) · 𝑝 (𝜃𝜃𝜃 | 𝛼𝛼𝛼)𝑑𝜃𝜃𝜃 ≠

𝑚∏
𝑗=1

𝑃 (𝑋 [𝑙 𝑗 ] | 𝛼𝛼𝛼) (8)
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𝛼𝛼𝛼1

𝛼𝛼𝛼2

𝜃𝜃𝜃 1

𝜃𝜃𝜃 2

𝑋1 [𝑙𝑏]

𝑋1 [𝑙𝑎]

𝑋2 [𝑙𝑎]

𝑋2 [𝑙𝑏]

𝜙𝑎

𝜙𝑏

Fig. 1. A basic probabilistic program with two Bayesian dice and two exchangeable constraints (𝜙𝑎 and 𝜙𝑏 ).
Clear nodes represent latent random variables, shaded nodes represent observable variables.

Thus, when 𝜃𝜃𝜃 is unknown, our knowledge about some unobserved variable 𝑋 [𝑙 𝑗 ] may be directly

influenced by any observation of any other variable in𝑋𝑋𝑋 . For example, if we happen to observe

variable 𝑋 [𝑙𝑘 ] taking value 𝑣𝑟 , then

𝑃 (𝑋 [𝑙 𝑗 ] | 𝛼𝛼𝛼,𝑋 [𝑙𝑘 ] = 𝑣𝑟 ) =
∫
S𝑑
𝑃 (𝑋 [𝑙 𝑗 ] | 𝜃𝜃𝜃 ) · 𝑝 (𝜃𝜃𝜃 | 𝛼𝛼𝛼,𝑋 [𝑙𝑘 ] = 𝑣𝑟 )𝑑𝜃𝜃𝜃 (9)

We can deduce that 𝑃 (𝑋 [𝑙 𝑗 ] | 𝛼𝛼𝛼) ≠ 𝑃 (𝑋 [𝑙 𝑗 ] | 𝛼𝛼𝛼,𝑋 [𝑙𝑘 ] = 𝑣𝑟 ). In the following we will express

the above conclusions by simply stating that any two distinct variables in 𝑋𝑋𝑋 are conditionally

independent given 𝜃𝜃𝜃 ; using standard notation we will write

∀( 𝑗, 𝑘) ∈ {1, ..,𝑚}2 : 𝑗 ≠ 𝑘 𝑋 [𝑙 𝑗 ]⊥𝑋 [𝑙𝑘 ] | 𝜃𝜃𝜃 (10)

Let
ˆ𝑌𝑌𝑌 be a vector obtained by applying some arbitrary permutation to the elements of

ˆ𝑋𝑋𝑋 ; by

construction
ˆ𝑋𝑋𝑋 and

ˆ𝑌𝑌𝑌 will have the same likelihood, i.e. 𝑃 (𝑋𝑋𝑋 = ˆ𝑌𝑌𝑌 | 𝛼𝛼𝛼) = 𝑃 (𝑋𝑋𝑋 = ˆ𝑋𝑋𝑋 | 𝛼𝛼𝛼). Whenever

this is the case we say that the variables in𝑋𝑋𝑋 are exchangeable[28]. In the following sections we

will show that exchangeability plays a crucial role in our probabilistic programming language.

2.2 Probabilistic Programs with Boolean Constraints
In order to define a probabilistic program, we start by formulating a stochastic generative process G.
Our process G will consist of a collection of 𝑁 pairwise-independent Bayesian dice {D1, ..,D𝑁 },
where each die D𝑛 = (𝛼𝛼𝛼𝑛,𝜃𝜃𝜃𝑛,𝑋𝑋𝑋𝑛) can have an arbitrary number of faces (denoted as 𝑑𝑛) and an

arbitrary number of throws (𝑚𝑛). In the interest of conciseness, we will denote by A, Θ and X
the sets {𝛼𝛼𝛼𝑛}𝑛∈{1,..,𝑁 } , {𝜃𝜃𝜃𝑛}𝑛∈{1,..,𝑁 } and {𝑋𝑋𝑋𝑛}𝑛∈{1,..,𝑁 } , respectively. The joint distribution of the

generative process is given by the following equation:

𝑝 (X,Θ | A) def=
𝑁∏
𝑛=1

(
𝑚𝑛∏
𝑗=1

(
𝑃 (𝑋𝑛 [𝑙 𝑗 ] | 𝜃𝜃𝜃𝑛)

)
· 𝑝 (𝜃𝜃𝜃𝑛 | 𝛼𝛼𝛼𝑛)

)
(11)

Our observations of process G will consist of Boolean constraints, that are defined over the variables

in X. For example, an atomic constraint 𝜙atom may restrict the value assigned to some variable

𝑋𝑛 [𝑙 𝑗 ] ∈ X to a subset 𝑉 of its domain

𝜙atom
def

=
(
𝑋𝑛 [𝑙 𝑗 ] ∈ 𝑉

)
(12)

When 𝑉 contains only one value (say 𝑣𝑟 ) we will simply write 𝜙atom as (𝑋𝑛 [𝑙 𝑗 ] = 𝑣𝑟 ). To express

more generic constraints, we will compose the atomic ones using standard Boolean operators:
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disjunction (∨), conjunction (∧) and negation (¬). For the sake of conciseness, we will often omit the

symbol for logical conjunctions, writing 𝜙1𝜙2 in place of 𝜙1 ∧ 𝜙2. Similarly, we will often write 𝜙 in

place of ¬𝜙 . We use the symbols ⊤ and ⊥ to denote the constant values true and false, respectively.

Example 1. Let’s assume we have a simple generative process G consisting of two 6-dimensional

Bayesian dice, D1 = (𝛼𝛼𝛼1,𝜃𝜃𝜃 1,𝑋𝑋𝑋 1) and D2 = (𝛼𝛼𝛼2,𝜃𝜃𝜃 2,𝑋𝑋𝑋 2), that range over the set {1, 2, 3, 4, 5, 6}. The
following Boolean expressions define a probabilistic program over G:

𝜙𝑎
def

= (𝑋1 [𝑙𝑎] = 6) ∨ (𝑋2 [𝑙𝑎] = 6)

𝜙𝑏
def

=

6∨
𝑖=1

[(𝑋1 [𝑙𝑏] = 𝑖) ∧ (𝑋2 [𝑙𝑏] = 𝑖)]

Constraint 𝜙𝑎 states that we rolled both dice once, and observed at least one of the two returning the

value 6. Constraint 𝜙𝑏 states that we rolled both dice one additional time (𝑙2), and observed both dice

returning the very same number, which remains unknown. If we denote by Φ = {𝜙𝑎, 𝜙𝑏} the set of
constraints, then the pair P = (G,Φ) represents our probabilistic program. Figure 1 depicts P as a

Bayesian network.

If 𝜙 is a Boolean constraint defined against process G, we denote by Var(𝜙) the set of all the
random variables from X that appear in 𝜙 . In Example 1, Var(𝜙𝑎) is equal to {𝑋1 [𝑙𝑎], 𝑋2 [𝑙𝑎]}, while
Var(𝜙𝑏) is equal to {𝑋1 [𝑙𝑏], 𝑋2 [𝑙𝑏]}. Without lack of generality, we assume that

⋃
𝜙∈Φ Var(𝜙) = X.

Additionally, we denote by D(𝜙) the set of all the latent parameters from Θ that are associated

with the random variables in Var(𝜙). In Example 1 both D(𝜙𝑎) and D(𝜙𝑏) evaluate to {𝜃𝜃𝜃 1,𝜃𝜃𝜃 2}.
We use the term literal to indicate any expression that consists of a single atomic constraint

or its negation. Any expression 𝜅 that consists of a disjunction of literals is called a clause. Any

expression 𝜏 that consists of a conjunction of literals is called a term. We say that an expression 𝜙

is in disjunctive normal form (DNF) if it consists of a disjunction of terms. Similarly, we say that 𝜙

is in conjunctive normal form (CNF) if it consists of a conjunction of clauses. We say that 𝜙 is in

negation normal form (or NNF) if it is negation-free, except for its atomic constraints [27]. We say

that 𝜙 is read-once (RO) if no element of Var(𝜙) is used more than once within the expression [43].

In Example 1 constraint 𝜙1 is a read-once DNF expression, while 𝜙2 is a CNF expression that does

not admit any read-once representation. Both expressions are in negation normal form.

Let𝑉 be a set of random variables such thatX ⊇ 𝑉 ⊇ Var(𝜙). We denote by Asst(𝑉 ) the set of all
the possible value-assignments for the variables in𝑉 ; for convenience, we will often represent such

assignments as term expressions. Reusing the terminology from [25], we will refer to the elements

of Asst(X) as the possible worlds of process G. We denote by Sat (𝜙,𝑉 ) the subset of Asst(𝑉 )
where expression 𝜙 evaluates to true. In Example 1 the expression Asst(Var(𝜙𝑏)) represents
the set {(𝑋1 [𝑙𝑏] = 𝑖) ∧ (𝑋2 [𝑙𝑏] = 𝑗)} (𝑖, 𝑗 ) ∈{1,..,6}2 , while Sat (𝜙𝑏,Var(𝜙𝑏)) is equal to {(𝑋1 [𝑙𝑏] =
𝑖) ∧ (𝑋2 [𝑙𝑏] = 𝑖)}𝑖∈{1,..,6} . We say that two expressions 𝜙1 and 𝜙2 are logically equivalent when

Sat (𝜙1,Var(𝜙1) ∪ Var(𝜙2)) = Sat (𝜙2,Var(𝜙1) ∪ Var(𝜙2)). We say that expression 𝜙1 entails

expression 𝜙2 (and write 𝜙1 |= 𝜙2) when the expression 𝜙2 ∨ ¬𝜙1 is logically equivalent to ⊤.
Any stochastic process G entails a well-formed probability distribution over the truth-values of

the Boolean constraints that are defined over it; such distribution is described by the following

equation

𝑃 (𝜙 | A) def=
∑︁

𝜏∈Sat(𝜙,X)
𝑃 (𝜏 | A) (13)

Furthermore, we can condition such distribution w.r.t. any other Boolean constraint

𝑃 (𝜙1 | 𝜙2,A)
def

=
𝑃 (𝜙1 ∧ 𝜙2 | A)
𝑃 (𝜙2 | A)

(14)
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𝑃 (𝜙 | A) represents the odds of sampling from G a possible world that satisfies constraint 𝜙 ;

𝑃 (𝜙1 | 𝜙2,A) represents the odds of sampling a possible world that satisfies constraint 𝜙1 from the

set of possible worlds that satisfy 𝜙2.

We say that two constraints 𝜙1 and 𝜙2 are independent when their joint distribution 𝑃 (𝜙1, 𝜙2 | A)
can be expressed as the product 𝑃 (𝜙1 | A) · 𝑃 (𝜙2 | A). We say that two constraints 𝜙1 and

𝜙2 are exchangeable when 𝑃 (𝜙1, 𝜙2 | D(𝜙1),D(𝜙2)) = 𝑃 (𝜙1 | D(𝜙1)) · 𝑃 (𝜙2 | D(𝜙2)). It is
easy to see that D(𝜙1) ∩ D(𝜙2) = ∅ is a sufficient condition for 𝜙1 and 𝜙2 to be independent;

similarly Var(𝜙1) ∩ Var(𝜙2) = ∅ is a sufficient condition for exchangeability. Thus, we can enforce

these properties in our probabilistic programs through simple syntactic restrictions. In Example 1

constraints 𝜙𝑎 and 𝜙𝑏 are exchangeable, but not independent.

We are now ready to define the syntax of our propositional language for probabilistic program-

ming.

Definition 1. Let G = {D1, ..,D𝑁 } be a generative process, and let Φ = {𝜙1, ..𝜙𝑛𝑐 } be a collection
of 𝑛𝑐 Boolean constraints, defined over G. The pair P = (G,Φ) represents a well-formed probabilistic

program if the following conditions are met:

(1) For any constraint 𝜙 ∈ Φ all the elements of Var(𝜙) are pairwise independent.
(2) All the expressions in Φ are pairwise exchangeable.

(3) Set Φ is satisfiable, i.e. Sat

(∧
𝜙∈Φ 𝜙,X

)
≠ ∅.

The probabilistic program defined in Example 1 is well-formed. Notice that expression 𝜙𝑏 reuses

each variable in Var(𝜙𝑏) more than once and this does not constitute a violation of condition (1).

For any well-formed probabilistic program P = (G,Φ), with A, Θ and X defined in the usual

way, our goal is to compute the posterior density of latent parameters Θ w.r.t. Φ. Such posterior is

defined by the following equation

𝑝 (Θ | Φ,A) =
∑︁

𝜏∈Sat(Φ,X)
𝑝 (Θ | 𝜏,A) · 𝑃 (𝜏 | Φ,A) (15)

While 𝑝 (Θ | 𝜏,A) is easy to compute, as per Equation (6), evaluating 𝑝 (Θ | Φ,A) by Equation (15)

remains impractical, since Sat (Φ,X) may contain an exponentially large number of terms. Notice

that 𝑝 (Θ | Φ,A) can be seen as the expected value of 𝑝 (Θ | 𝜏,A) when 𝜏 is sampled from distribution

𝑃 (𝜏 | Φ,A). Therefore, if we are able to devise an efficient method to sample terms in Sat (Φ,X)
from 𝑃 (𝜏 | Φ,A), then we will have an effective way to approximate 𝑝 (Θ | Φ,A). The framework

proposed in [78] successfully achieves this very goal: it shows how to design an efficient Gibbs

sampler [41] for 𝑃 (𝜏 | Φ,A), for any arbitrary, well-formed probabilistic program. Algorithm 1

shows the pseudo-code of such sampler. Its internal state consists of a mapping (S) that associates
each constraint 𝜙 ∈ Φ with one term in Sat (𝜙,Var(𝜙)). This mapping is initialized between

lines 1 and 3. Once S is initialized, the expression

∧
𝜙∈Φ S[𝜙] is guaranteed to belong to Sat (Φ,X).

This invariant will remain true for the whole execution of the sampler. Between lines 4 and 8 the

algorithm repeatedly resamples a satisfying term 𝜏𝑐 for each constraint 𝜙𝑐 ∈ Φ. The new term is

sampled from distribution 𝑃 (𝜏𝑐 | 𝜙𝑐 , 𝜏−𝑐 ,A), where 𝜏−𝑐 is a term expression that satisfies all the

constraints in Φ, with the exception of 𝜙𝑐 . Notice that sampling from 𝑃 (𝜏𝑐 | 𝜙𝑐 , 𝜏−𝑐 ,A) is much

easier than sampling directly from 𝑃 (𝜏 | Φ,A), since expressions 𝜙𝑐 and 𝜏−𝑐 are, by construction,

exchangeable. Furthemore, the distribution 𝑃 (𝜏𝑐 | 𝜙𝑐 , 𝜏−𝑐 ,A), used at line 7, constantly shifts during
the execution of the algorithm, consistently with the logic of Markov Chain Monte Carlo algorithms:

in [78] it is shown that the sequence of updates to S performed by Algorithm 1 forms a Markov

chain that is irreducible and aperiodic, and has 𝑃 (𝜏 | Φ,A) at its stationary distribution.
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Algorithm 1: GibbsSatSampler
Input: A well-formed probabilistic program (G,Φ), with G = (A,Θ,X) and Φ = {𝜙1, .., 𝜙𝑛𝑐 }.
Output: A sample 𝜏 from 𝑃 (𝜏 | Φ,A).

1 for 𝜙𝑐 ∈ Φ do
2 Select some arbitrary term 𝜏𝑐 from Sat (𝜙𝑐 ,Var(𝜙𝑐 ));
3 S[𝜙𝑐 ] ← 𝜏𝑐 ;

4 repeat as needed
5 for 𝜙𝑐 ∈ Φ do
6 𝜏−𝑐 ←

∧
𝜙∈Φ\{𝜙𝑐 } S[𝜙];

7 Sample 𝜏𝑐 ∈ Sat (𝜙𝑐 ,Var(𝜙𝑐 )) from 𝑃 (𝜏𝑐 | 𝜙𝑐 , 𝜏−𝑐 ,A);
8 S[𝜙𝑐 ] ← 𝜏𝑐 ;

9 return
∧
𝜙∈Φ S[𝜙];

Example 1 (continued). The tables below show a plausible Markov chain built by Algorithm 1,

for the simple probabilistic program given in Example 1. The first table shows the evolution of mapping

S, while the second reports the posterior distribution of 𝜃𝜃𝜃 1 and 𝜃𝜃𝜃 2 conditioned on S. The first row of

each table reports the state at the end of the initialization for-cycle at lines 1 and 3. Each successive

row reports the state observed at the end of each iteration of the “repeat” cycle between lines 4 and 8.

𝑖 S[𝜙𝑎] S[𝜙𝑏 ]
(init) (𝑋1 [𝑙𝑎] = 6) ∧ (𝑋2 [𝑙𝑎] = 3) (𝑋1 [𝑙𝑏 ] = 5) ∧ (𝑋2 [𝑙𝑏 ] = 5)
0 (𝑋1 [𝑙𝑎] = 5) ∧ (𝑋2 [𝑙𝑎] = 6) (𝑋1 [𝑙𝑏 ] = 6) ∧ (𝑋2 [𝑙𝑏 ] = 6)
1 (𝑋1 [𝑙𝑎] = 1) ∧ (𝑋2 [𝑙𝑎] = 6) (𝑋1 [𝑙𝑏 ] = 2) ∧ (𝑋2 [𝑙𝑏 ] = 2)
2 (𝑋1 [𝑙𝑎] = 6) ∧ (𝑋2 [𝑙𝑎] = 6) (𝑋1 [𝑙𝑏 ] = 3) ∧ (𝑋2 [𝑙𝑏 ] = 3)
. . . . . . . . .

𝑖 𝑝 (𝜃𝜃𝜃1 | A,S[𝜙𝑎],S[𝜙𝑏 ]) 𝑝 (𝜃𝜃𝜃2 | A,S[𝜙𝑎],S[𝜙𝑏 ])
(init) D𝑖𝑟 (𝛼𝛼𝛼1 + (0, 0, 0, 0, 1, 1)) D𝑖𝑟 (𝛼𝛼𝛼2 + (0, 0, 1, 0, 1, 0))
0 D𝑖𝑟 (𝛼𝛼𝛼1 + (0, 0, 0, 0, 1, 1)) D𝑖𝑟 (𝛼𝛼𝛼2 + (0, 0, 0, 0, 0, 2))
1 D𝑖𝑟 (𝛼𝛼𝛼1 + (1, 1, 0, 0, 0, 0)) D𝑖𝑟 (𝛼𝛼𝛼2 + (0, 1, 0, 0, 0, 1))
2 D𝑖𝑟 (𝛼𝛼𝛼1 + (0, 0, 1, 0, 0, 1)) D𝑖𝑟 (𝛼𝛼𝛼2 + (0, 0, 1, 0, 0, 1))
. . . . . . . . .

Here we denote by D𝑖𝑟 (𝛼𝛼𝛼) a Dirichlet density parametrized by vector 𝛼𝛼𝛼 , as per Equation (1).

Algorithm 1 leverages the properties of conjugate priors to speed up its execution. Consider the first

time a term satisfying 𝜙𝑎 is sampled during iteration 𝑖 = 0 (line 7). At that time, 𝑝 (𝜃𝜃𝜃 1 | A,S[𝜙𝑏])
and 𝑝 (𝜃𝜃𝜃 2 | A,S[𝜙𝑏]) are two Dirichlet densities parametrized by vectors (𝛼𝛼𝛼1 + (0, 0, 0, 0, 1, 0)) and
(𝛼𝛼𝛼2 + (0, 0, 0, 0, 1, 0)), respectively. Hence, 𝑃 (𝑋1 [𝑙𝑎] | A,S[𝜙𝑏])) and 𝑃 (𝑋2 [𝑙𝑎] | A,S[𝜙𝑏])) can be

easily computed by Equation (7). This, in turn, allows Algorithm 1 to sample from 𝑃 (𝜏𝑐 | 𝜙𝑐 , 𝜏−𝑐 ,A)
without explicitly marginalizing the random variables in D𝜙𝑐 = {𝜃𝜃𝜃 1,𝜃𝜃𝜃 2}. In the literature this

optimization is often called “Rao-Blackwellisation” [20] or “variable collapsing” [89].

In the following sections, we will present several optimization techniques to speed-up the

execution of Algorithm 1. First, we will show how to impose certain syntactic restrictions on

the formulation of 𝜙 , with the goal of speeding up the sampling step at line 7. With the same

goal, we will also provide a technique to partition the set Sat (𝜙,Var(𝜙)) in a compact, efficient

representation. Finally, we will show how to use an existing Datalog-like language [6] to encode

large collections of propositional constraints into a compact theory of first-order logic sentences.
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Before doing so, let’s first introduce a more practical use case for our propositional language,

reusing an example from [78].

Example 2 (Latent Dirichlet Allocation). Latent Dirichlet Allocation (or LDA [13]) is a

generative model for text. It represents a textual corpus as a discrete mixture of 𝐾 “topics”, where each

topic is defined as a discrete probability distribution over words, and 𝐾 is a user-provided parameter.

Both the topics and the mixture terms are modeled as categorical distributions with Dirichlet priors.

The model is trained in an unsupervised fashion, by conditioning the generative process with respect

to the observed textual data. A formal definition of LDA is provided in [13]; here we will focus on

representing it using our Bayesian dice.

In our propositional language, LDA can be described as a game that involves the use of two kinds of

Bayesian dice: the first kind, which we label as “blue”, has one face for each word in the dictionary

of the corpus; the second kind, that we label as “red”, has 𝐾 faces, one for each topic that we aim to

extract. To play the game we instantiate one “red” die 𝑅𝑑 for each document 𝑑 in the corpus, and

one “blue” die 𝐵𝑡 for each topic 𝑡 . We then represent the generative process Glda as follows: for each
word𝑤𝑑,𝑝 that appears inside document 𝑑 at position 𝑝 , we postulate that𝑤𝑑,𝑝 was generated by first

throwing the red die 𝑅𝑑 , observing some topic-identifier 𝑡 as the result of this throw, then selecting the

corresponding “blue” die 𝐵𝑡 , rolling it, and observing word𝑤𝑑,𝑝 as a result. This stochastic process is

described by the following set of Boolean constraints

Φlda

def

= {
𝐾∨
𝑡=1

((𝑅𝑑 [𝑝] = 𝑡) ∧ (𝐵𝑡 [(𝑑, 𝑝)] = 𝑤))}𝑑,𝑝 (16)

Notice that Φlda contains one constraint for each document 𝑑 and position 𝑝 , i.e. one constraint for

each and every word in the corpus. Since each constraint admits 𝐾 solutions, the size of Sat (Φlda,X)
grows exponentially with the size of the corpus. This justifies the use of approximate inference. By

running Algorithm 1 we can approximate the posterior distribution 𝑝 (DΦlda
| Φlda,A): the posterior

of the “blue” dice will determine the content of the topics, while the posterior of the “red” dice will

determine the allocation of the topics over the documents.

2.3 Knowledge Compilation for Efficient Sampling
In this section we tackle the problem of sampling a satisfying assignment 𝜏 for a given Boolean

constraint 𝜙 ; we will reuse existing results from [118] to show that, under certain syntactic restric-

tions on 𝜙 , we can perform this task very efficiently. For simplicity, we will focus on the problem of

sampling a term expression from Sat (𝜙,Var(𝜙)) w.r.t. the distribution 𝑃 (𝜏 | 𝜙,A). Nonetheless, all
our conclusions will apply seamlessly to the more general problem of sampling from distribution

𝑃 (𝜏𝑐 | 𝜙, 𝜏−𝑐 ,A), as required by our Gibbs sampler (see line 7 of Algorithm 1).

Before proceeding, we need to extend our toolbox of boolean operators. We denote by ⊙ and ⊗
two Boolean operators that compute the logical conjunction and disjunction, respectively, of two

independent expressions. We call these two operators “independent conjunction” and “independent

disjunction”. We denote by ⊕ a Boolean operator that computes the logical disjunction of two

expressions that are mutually exclusive. Two expressions are mutually exclusive when there is

no assignment that satisfies both. We call the ⊕ operator a “deterministic disjunction” (not to be

confused with the classic XOR operator). For any two expressions 𝜙1 and 𝜙2 that are independent,

it is easy to prove that 𝑃 (𝜙1 ⊙ 𝜙2 | A) = 𝑃 (𝜙1 | A) · 𝑃 (𝜙2 | A). Similarly, 𝑃 (𝜙1 ⊗ 𝜙2 | A) =
(1 − (𝑃 (¬𝜙1 | A) · 𝑃 (¬𝜙2 | A))). Furthermore, if 𝜙1 and 𝜙2 are two arbitrary expressions that are

mutually exclusive, then 𝑃 (𝜙1 ⊕ 𝜙2 | A) = 𝑃 (𝜙1 | A) + 𝑃 (𝜙2 | A). If a constraint is read-once,

then it can be expressed using only operators ⊙, ⊗ and ¬. If a constraint is represented using only

operators ⊙, ⊗, ⊕ and ¬, then its likelihood can be computed in linear time w.r.t. the size of the
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representation (the problem is #𝑃-hard for unrestricted expressions). We can always represent any

arbitrary constraint using exclusively the operators ⊙, ⊗, ⊕ and ¬; nonetheless, such representation

may end up being exponentially larger than one that uses only the operators ∧, ∨ and ¬.
As shown in Example 2, many real-world probabilistic programs consist of large collections

of constraints that all share the same structure. To account for this, we introduce the concept of

expression template. An expression template can be seen as a regular Boolean expression where

the literals are replaced with place-holders, that are labeled with the symbol ⟨·⟩. For example, the

expression

(((𝑋1 [𝑙1] = 1) ⊙ (𝑋2 [𝑙1] = 1)) ⊕ ((𝑋1 [𝑙1] = 2) ⊙ (𝑋2 [𝑙1] = 2)))

has template (⟨·⟩ ⊙ ⟨·⟩) ⊕ (⟨·⟩ ⊙ ⟨·⟩). Without lack of generality, we will assume that all templates

are in negated normal form (hence the ¬ operator is never used outside of a literal). Starting from a

template, we can build new expressions by replacing the place-holders with literals of our choice, as

long as we respect the restrictions imposed by the ⊙, ⊗ and ⊕ operators. If a Boolean constraint 𝜙

is obtained from a template T we say that 𝜙 is a ground expression [21] for template T . Clearly, the
same template can be grounded into a large number of constraints; this fact will play an important

role in the implementation of our language.

To enable the use of recursion in our probabilistic programs, we now introduce the concept

of recursive template. A recursive template is a template where certain place-holders represent a

sub-expression, rather than a simple literal. These are called recursive place-holders and are denoted

with the symbol ⟨★⟩. A recursive place-holder can be grounded into either the value ⊤ (true), ⊥
(false) or into some arbitrary ground expression of the very same template. A recursive template

may contain multiple recursive place-holders, and any two distinct recursive place-holders may be

grounded into the same expression, if needed, as long as this does not violate any of the restrictions

imposed by the ⊙, ⊗ and ⊕ operators.

Following the approach of [27], we will represent the Boolean constraints generated by our

templates as directed acyclic graphs (DAGs). Let V and E denote the set of vertices and edges,

respectively, in a DAG. Each vertex inV will be labeled as either a literal (i.e. an atomic constraint

or its negation), a constant (⊤ or ⊥), or a Boolean operator (∧,∨,⊙,⊗ or ⊕). Whenever the elements

of E ⊆ V2
can be composed into a directed path from vertex 𝑣𝑎 to vertex 𝑣𝑏 , we will say that 𝑣𝑎

is an ancestor to 𝑣𝑏 , and that 𝑣𝑏 is a descendant to 𝑣𝑎 . By definition E cannot contain any directed

cycle. We define a sink as a vertex with no descendants, and a root as a vertex with no ancestors. In

our DAGs, we only allow the presence of exactly one root; such node must be an ancestor of all

the other vertices. Furthermore, every sink vertex must be either a literal or a constant and every

literal/constant must be a sink. Figure 2 depicts a DAG generated by the probabilistic program for

Hidden Markov Models that we introduce later in Section 3.6. The DAG includes six instances of

the recursive template ⟨·⟩ ⊙ ((⟨·⟩ ⊙ ⟨★⟩) ⊕ (⟨·⟩ ⊙ ⟨★⟩)).
We say that a DAG is read-once if it is negation normal form and only uses the operators ⊙ and

⊗. By construction, all read-once DAGs have the topology of a tree. Following the terminology of

[27], we say that a DAG is decomposable if it is in negation normal form and all the conjunctions in

it are between expressions that are independent (hence a decomposable DAG always uses the ⊙
operator in place of ∧). We say that a DAG is deterministic if it is in negation normal form and all

the disjunctions in it are between expressions that are mutually exclusive (hence a deterministic

DAG always uses the ⊕ operator in place of ∨). Finally, we say that a DAG is in deterministic

decomposable negation normal form (d-DNNF) if it satisfies both decomposability and determinism.

With the goal of speeding up our probabilistic programs, here we will identify certain classes of

DAGs, for which the operation of sampling a satisfying assignment takes linear time in the size of

the DAG. The size of a DAG is defined as the total number of vertexes and edges in it.
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⊙

⊙

⊙

⊙

tr[ (𝑠, 𝑝1, 𝑝2 ) ] = (ℎ0, ℎ0 )

tr[ (𝑠, 𝑝1, 𝑝2 ) ] = (ℎ0, ℎ1 )

em[ (𝑠, 𝑝1 ) ] = (ℎ0, −)

tr[ (𝑠, 𝑝1, 𝑝2 ) ] = (ℎ1, ℎ0 )

tr[ (𝑠, 𝑝1, 𝑝2 ) ] = (ℎ1, ℎ1 )

em[ (𝑠, 𝑝1 ) ] = (ℎ1, −)

⊙

⊙

⊕

⊕

⊙

⊙

⊙

⊙

tr[ (𝑠, 𝑝0, 𝑝1 ) ] = (ℎ0, ℎ0 )

tr[ (𝑠, 𝑝0, 𝑝1 ) ] = (ℎ0, ℎ1 )

em[ (𝑠, 𝑝0 ) ] = (ℎ0, −)

tr[ (𝑠, 𝑝0, 𝑝1 ) ] = (ℎ1, ℎ0 )

tr[ (𝑠, 𝑝0, 𝑝1 ) ] = (ℎ1, ℎ1 )

em[ (𝑠, 𝑝0 ) ] = (ℎ1, −)

⊙

⊙

⊕

⊕

em[ (𝑠, 𝑝2 ) ] = (ℎ0, +)

em[ (𝑠, 𝑝2 ) ] = (ℎ1, +)

⊙

⊙

⊕

⊕

⊤⊕qa(𝑠)

seq(𝑠, 𝑝2, ℎ0 )

seq(𝑠, 𝑝2, ℎ1 )

seq(𝑠, 𝑝1, ℎ0 ) seq(𝑠, 𝑝1, ℎ1 ) seq(𝑠, 𝑝0, ℎ0 ) seq(𝑠, 𝑝0, ℎ1 )

Fig. 2. A DAG generated by the probabilistic program for Hidden Markov Models (HMMs) presented in
Section 3.6. The underlying HMM has two internal states (labeled as ℎ0 and ℎ1) and two observable symbols
(+ and −). The DAG encodes the generative process associated with a single observable sequence (𝑠) having
three symbols, at positions 𝑝0, 𝑝1 and 𝑝2. The observed sequence is “− − +”. The DAG contains six instances
of the recursive template ⟨·⟩ ⊙ ((⟨·⟩ ⊙ ⟨★⟩) ⊕ (⟨·⟩ ⊙ ⟨★⟩)). For readability, each instance of the template is
highlighted with a ⊙-vertex with a bold edge, labeled with the Datalog ground predicate (seq(·, ·, ·)) that
generates it.

Proposition 1. If𝜙 is a read-once DAG, then sampling a satisfying assignment𝜏 from Sat (𝜙,Var(𝜙))
takes linear time in the size of 𝜙 .

Proposition 1 has been proven in [78], with the introduction of algorithm SampleReadOnceSat;
in the interest of conciseness we will not report the same results here; we will just make use of

algorithm SampleReadOnceSat when needed.

Proposition 2 (from [118]). If 𝜙 is a d-DNNF DAG, then sampling a satisfying assignment 𝜏 from

Sat (𝜙,Var(𝜙)) takes linear time in the size of 𝜙 .

Proof. Proposition 2 has been proved in [118] for uniform distributions. Here we slightly adapt

the result to our needs, which involve the use of non-uniform distributions, and contextualize

it to our notation. Algorithm 2 shows how to sample a satisfying assignment for any arbitrary

d-DNNF DAG 𝜙∗. The algorithm requires the DAG to have each vertex 𝜓 ∈ V annotated with

the likelihood 𝑃 (𝜓 | A). These annotations can be obtained in linear time, by visiting the DAG

in reverse topological order. The algorithm then proceeds to visit the DAG from the root to the

leaves, iteratively composing a satisfying assignment from Sat (𝜙∗,X). Doing so for predicate-

and ⊙-nodes is trivial; in the case of ⊕-nodes the algorithm selects at random exactly one of

the immediate descendants of the node, and proceeds sampling from it, ignoring the remaining

immediate descendants. Notice that distribution 𝑃 (𝜓𝑖 | 𝜙∗,A) at line 12 can be computed in linear

time, since all the elements in {𝜓𝑖 }𝑖 are pairwise mutually exclusive. □

Definition 2. We say that a DAG 𝜙 is almost-read-once (ARO) if the following conditions are met:

(1) 𝜙 is in negation normal form.

(2) 𝜙 only uses the operators ⊙, ⊗ and ⊕.
(3) There is no directed path in 𝜙 that starts from a ⊗ vertex and ends in a ⊕ vertex.
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Corollary 1. If 𝜙 is an almost-read-once DAG, then sampling a satisfying assignment 𝜏 from

Sat (𝜙,Var(𝜙)) takes linear time in the size of the DAG.

Proof. The thesis follows immediately from the fact that any arbitrary ARO expression can

always be represented as a d-DNNF expression whose literals consist of read-once expressions. To

obtain a functional sampling algorithm, it is sufficient to extend Algorithm 2 and have it process

any ⊗-node by invoking the method SampleReadOnceSat developed in [78]. □

2.4 Dynamic Boolean Expressions
Every Boolean expression𝜙 can be interpreted as a constructive representation of the set Sat (𝜙,Var(𝜙)).
In this section we will reuse some ideas from [78] to compactify such set, introducing the concept

of dynamic Boolean expressions.

Before doing so, we will first introduce some formal notation to define expressions’ rewritings.

Let 𝑋 [𝑙] be some arbitrary variable in Var(𝜙), and 𝑣 some arbitrary value in its domain. We denote

by 𝜙 | |𝑋 [𝑙] = 𝑣 the expression obtained by replacing every atomic constraint in 𝜙 that mentions

𝑋 [𝑙] with either the value ⊥ (when 𝑋 [𝑙] = 𝑣 and the constraint are mutually exclusive) or the value

⊤ (otherwise). If 𝜏 is a term expression and Var(𝜏) ⊆ Var(𝜙), we denote by 𝜙 | |𝜏 the expression
obtained by iteratively rewriting 𝜙 w.r.t. every literal in 𝜏 . We say that variable 𝑋 [𝑙] is inessential in
𝜙 whenever for any two distinct values 𝑣1 and 𝑣2 in the domain of𝑋 [𝑙] the expressions 𝜙 | |𝑋 [𝑙] = 𝑣1
and 𝜙 | |𝑋 [𝑙] = 𝑣2 are logically equivalent. Otherwise, we say that 𝑋 [𝑙] is essential in 𝜙 . If 𝑋 [𝑙] is
inessential in 𝜙 , then 𝜙 can be safely rewritten without mentioning𝑋 [𝑙], leading to a more compact

representation of the set of its satisfying assignments.

A dynamic Boolean expression is a regular Boolean constraint that is defined over the union

of two disjoint sets of variables, the regular variables X = {𝑋1 [𝑙], . . . , 𝑋𝑟 [𝑙]} and the volatile

variablesY = {𝑌1 [𝑙], . . . , 𝑌𝑠 [𝑙]}. Each volatile variable𝑌𝑗 [𝑙] is annotated with an activation condition
AC(𝑌𝑗 [𝑙]), a Boolean expression that may refer to any other variable in 𝜙 , either volatile or not.

We say that a volatile variable 𝑌𝑗 [𝑙] is active whenever its activation condition is satisfied. Regular

variables in X are considered to be always active. A dynamic expression 𝜙 is well-formed when it

Algorithm 2: SampleDdnnfSat (adapted from [118])

Input: A d-DNNF DAG 𝜙∗, where each internal node𝜓 ∈ V is annotated with its likelihood 𝑃 [𝜓 | A]; a
set of random variables X∗ such that X ⊇ X∗ ⊇ Var(𝜙∗).

Output: A term 𝜏 ∈ Sat (𝜙∗,X∗), sampled from 𝑃 [𝜏 |𝜙∗,A].
1 SampleDdnnfSat(𝜙∗,X∗):
2 if 𝜙∗ is a literal then
3 Sample 𝜏 ∈ Sat (𝜙∗,X∗) from 𝑃 (𝜏 | 𝜙∗,A);
4 return 𝜏 ;
5 else if 𝜙∗ = ⊕𝑘

𝑖=1
(𝜓𝑘 ) then

6 Compute 𝑃 [𝜓𝑖 | 𝜙∗,A] for all 𝑖 ∈ {1, .., 𝑘};
7 Sample 𝑖 ∈ {1, .., 𝑘} from 𝑃 [𝜓𝑖 | 𝜙∗,A];
8 return SampleDdnnfSat(𝜓𝑖 ,X∗);
9 else if 𝜙∗ = ⊙𝑘

𝑖=1
(𝜓𝑘 ) then

10 for 𝑖 ∈ {1, .., 𝑘} do
11 𝜏𝑖 ← SampleDdnnfSat(𝜓𝑖 ,Var(𝜓𝑖 ));
12 Sample 𝜏𝑘+1 ∈ Sat

(
⊤,X∗ \ ∪𝑘

𝑖=1
Var(𝜓𝑖 )

)
from 𝑃 [𝜏 | A];

13 return ∧𝑘+1
𝑖=1

𝜏𝑖 ;
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satisfies the following two properties: (i) for every volatile variable 𝑌𝑗 [𝑙] and every assignment 𝜏 ∈
Sat

(
¬AC(𝑌𝑗 [𝑙]),Var(AC(𝑌𝑗 [𝑙]))

)
that leaves it inactive, 𝑌𝑗 [𝑙] must be inessential w.r.t. expression

𝜙 | |𝜏 , (ii) if any volatile variable 𝑌𝑖 [𝑙] is essential in the activation expression of some other volatile

variable 𝑌𝑗 [𝑙], then AC(𝑌𝑗 [𝑙]) |= AC(𝑌𝑖 [𝑙]) must hold true. As shown in [78], a well-formed

dynamic Boolean expression induces a partition over the set of assignments that satisfy it. To

model such partition, we define Dsat (𝜙) as the set of term-expressions {𝜏1, . . . , 𝜏𝑚} that satisfy
the following properties:

(1) ∀𝜏 ∈ Dsat (𝜙) X ⊆ Var(𝜏) ⊆ X ∪ Y
(2) ∀𝜏 ∈ Dsat (𝜙) 𝜏 |= 𝜙
(3) ∀𝜏 ′ ∈ Sat (𝜙,Var(𝜙)) ∃𝜏 ∈ Dsat (𝜙) 𝜏 ′ |= 𝜏
(4) ∀𝜏 ∈ Dsat (𝜙) if 𝑌𝑗 [𝑙] ∈ Var(𝜏) ∩ Y then 𝜏 |= AC(𝑌𝑗 [𝑙])
(5) ∀𝜏 ∈ Dsat (𝜙) if 𝑌𝑗 [𝑙] ∈ Y − Var(𝜏) then 𝜏 |= ¬AC(𝑌𝑗 [𝑙])

In simple terms, Dsat (𝜙) represents a set of term expressions that satisfy 𝜙 and use exclusively

active variables; by construction the disjunction of all the terms in Dsat (𝜙) is logically equivalent

to the disjunction of all the terms in Sat (𝜙,Var(𝜙)). In terms of probabilistic programming, one

can think about the activation condition AC(𝑌𝑗 [𝑙]) as a simple probabilistic process that decides

whether to roll Bayesian die 𝑌𝑗 one additional time (𝑙 ) or not.

In order to use dynamic Boolean expressions in our probabilistic programs, we introduce a new

variant of the ⊕ operator. Let 𝜙 be a dynamic Boolean expression and let 𝑌𝑗 [𝑙] be one of its volatile
variables with activation condition AC(𝑌𝑗 [𝑙]). We will express 𝜙 as𝜓1 ⊕AC(𝑌𝑗 [𝑙 ] ) 𝜓2 whenever𝜓1

and 𝜓2 are two expressions that are logically equivalent to 𝜙 ∧ ¬AC(𝑌𝑗 [𝑙]) and 𝜙 ∧ AC(𝑌𝑗 [𝑙]),

Algorithm 3: SampleDSat
Input: A dynamic almost-read-once DAG 𝜙∗, with regular variables X∗ and volatile variables Y∗,

where each internal node𝜓 ∈ V is annotated with its likelihood 𝑃 [𝜓 | A].
Output: A term 𝜏 ∈ Dsat (𝜙∗), sampled from 𝑃 [𝜏 |𝜙∗,A].

1 SampleDSat(𝜙∗,X∗,Y∗):
2 if 𝜙∗ is read-once then
3 return SampleReadOnceSat(𝜙∗,X∗);
4 else if 𝜙∗ = 𝜓1 ⊕AC(𝑌𝑗 [𝑙 ] ) 𝜓2 then
5 𝑟 ← RndUniform(0,1);

6 if 𝑟 < (𝑃 [𝜓1 |A]/(𝑃 [𝜓1 |A] + 𝑃 [𝜓2 |A])) then
7 return SampleDSat(𝜓1,X∗,Y∗ − {𝑌𝑗 [𝑙]});
8 else
9 return SampleDSat(𝜓2,X ∪ {𝑌𝑗 [𝑙]},Y − {𝑌𝑗 [𝑙]});

10 else if 𝜙∗ = ⊕𝑘
𝑖=1
(𝜓𝑘 ) then

11 Compute 𝑃 [𝜓𝑖 | 𝜙∗,A] for all 𝑖 ∈ {1, .., 𝑘};
12 Sample 𝑖 ∈ {1, .., 𝑘} from 𝑃 [𝜓𝑖 | 𝜙∗,A];
13 return SampleDSat(𝜓𝑖 ,X∗,Y∗);
14 else if 𝜙∗ = ⊙𝑘

𝑖=1
(𝜓𝑘 ) then

15 for 𝑖 ∈ {1, .., 𝑘} do
16 𝜏𝑖 ← SampleDSat(𝜓𝑖 ,X∗ ∩ Var(𝜓𝑖 ),Y∗ ∩ Var(𝜓𝑖 ));
17 Sample 𝜏𝑘+1 ∈ Sat

(
⊤,X∗ \ ∪𝑘

𝑖=1
Var(𝜓𝑖 )

)
from 𝑃 [𝜏 | A];

18 return ∧𝑘+1
𝑖=1

𝜏𝑖 ;
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respectively. Notice that, by construction,𝜓1 and𝜓2 are mutually exclusive and variable 𝑌𝑗 [𝑙] is
essential in𝜓2 but inessential in𝜓1. Using the terminology from [27] we call ⊕AC(𝑌𝑗 [𝑙 ] ) a decision
node, that determines whether volatile variable 𝑌𝑗 [𝑙] is active or not. As shown in [78], a well-

formed dynamic Boolean expression always induces a natural evaluation order for all its activation

conditions; our DAGs will respect such evaluation order and have one decision node for each

volatile variable. Algorithm 3 shows how to sample a term from Dsat (𝜙∗) for any dynamic almost-

read-once DAG 𝜙∗, with regular variables X∗ and volatile variables Y∗, in linear time w.r.t. the size

of 𝜙∗. Notice that when Y∗ = ∅, the algorithm will simply sample from Sat (𝜙∗,X∗).
Algorithm 3 concludes the formalization of our toy propositional language: as per Definition 1, a

program consists of a (potentially large) collection of Boolean constraints, annotated with activation

conditions as needed. To perform inference, we run Algorithm 1 (GibbsSatSampler); at each

invocation of the sampling procedure at line 7, we execute Algorithm 3 (SampleDSat). While

functional, this toy language remains impractical: a shown in Example 2, even a simple model

may require us to specify a very large collection of Boolean constraints, all sharing some common

structure, as in Equation (16). This redundancy is captured by the concept of template (both in

the simple and in the recursive variants). In the next section we will introduce a new, alternative

language to specify our probabilistic programs, based on Datalog; the new formalism will allow us

to encode a large collection of Boolean constraints into concise first-order logic theories, leveraging

the inherent structural redundancy captured by the templates.

3 QUERY-DRIVEN PROBABILISTIC PROGRAMMING
In this section we will repurpose a standard database query language to the goal of encoding a prob-

abilistic program (G,Φ), defined as per Definition 1. This will allow us to encode a large collection

of propositional Boolean constraints (Φ) into a concise, lifted representation. This approach relies

on two main ideas: (i) we model the generative process G as a probabilistic database [121] and (ii)

we model the constraints in Φ as a collection of queries, that must return certain predetermined

answers when run against G. This approach is called “learning from query-answers” in [78–80] and

“declarative probabilistic programming” in [5, 6]; the first line of research developed a probabilistic

variant of Relational Algebra (𝛾RA), used to encode the probabilistic programs in terms of relational

constraints; the second introduced a probabilistic variant of Datalog (PPDL), with the same purpose.

Before proceeding, we will compare strengths and weaknesses of these two approaches.

When it comes to representing a stochastic generative process (like G), PPDL has more expressive

power than 𝛾RA, as it supports both recursion and the use of arbitrary prior distributions (𝛾RA is

limited to distributions in the exponential family). Furthermore, PPDL introduces a well-defined

chase procedure [2, 69] to model the (possibly infinite) instantiations of process G, and derives

from it a robust equivalence criterion for generative Datalog programs.

When it comes to conditioning the generative process with relational constraints (like those in

Φ), 𝛾RA is equipped with (1) a well-founded mechanism to derive the posterior distribution of G,
(2) a functional inference algorithm to sample from it, (3) a procedure to update the model G, if so
desired; these components are entirely missing in PPDL.

In this paper we combine the two approaches: we identify a fragment of PPDL that is equivalent

to the 𝛾RA language used in [78]; we extend it with recursion and adopt it as our query language

of choice; we then design conditioning and inference methods for it. Our framework will inherit

the elegant foundations of PPDL, while maintaining the extended capabilities and practicality of

𝛾RA. Following a common practice in the design of probabilistic databases, we will reinterpret

the propositional Boolean constraints from Section 2 as a provenance mechanism [17, 48] for our

newly adopted query language.
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3.1 Data Model
We elect Gamma Probabilistic Databases (or 𝛾PDBs, [78]) as our data model of choice to represent

G. A 𝛾PDB is defined as a collection of probabilistic relation instances, called 𝛿-tables, possibly

paired with a set of deterministic tables. Here we will reformulate such model reusing the concept

of Bayesian die.

Definition 3 (𝛿-tuple). Let 𝑅 be a deterministic relation instance of size 𝑑 (i.e. 𝑅 is a set of 𝑑

distinct tuples) with schema S. We define a 𝛿-tuple as a 𝑑-dimensional Bayesian die where each of the

𝑑 faces is annotated with, and uniquely identified by, one of the tuples from 𝑅.

Definition 4 (𝛿-table). Let 𝑅 be a deterministic relation instance of size 𝑑 with schema S. We

define a 𝛿-table as a set of pairwise-independent 𝛿-tuples that all range over the same domain 𝑅, under

the assumption that schema S contains a key that uniquely identifies each die in the set.

Definition 5 (𝛾-PDB). We define a Gamma Probabilistic Database as a collection of 𝛿-tables and

regular, deterministic relations.

For simplicity, and without lack of generality, we will assume the existence in each relation

schema S of an attribute labeled valID that we can use to uniquely identify the faces of each

𝛿-tuple. Similarly, we will assume the existence of an attribute labeled varID that we can use to

uniquely identify each 𝛿-tuple across the whole database instance.

3.2 Generative Datalog
To run queries against our 𝛾-PDB G we use a fragment of GDatalog, a probabilistic variant of

Datalog proposed in [6]. Let’s start by defining formally the syntax and semantics of Datalog. A

deterministic Datalog program is a first-order logic theory made of facts and rules. Facts represent

knowledge about the real world and are expressed using ground predicates. For example, the ground

predicate “parent(ada, bob)” may encode the knowledge that some individual named Ada is one

of the parents of the individual named Bob. In the terminology of Datalog, “parent” is a predicate

symbol, while “ada” and “bob” are constant symbols. A predicate is said to be ground when it only

uses constant symbols, without any variables. A Datalog rule is a universally-quantified Horn

clause, i.e. a disjunction of atoms having at most one positive, unnegated term (the clause’s head).

For example, the following Datalog rule states that “if individual A is parent to individual B and

individual B is parent to individual C, then individual A must be a grand parent to individual B”.

grand-parent(𝐴,𝐶) ← parent(𝐴, 𝐵), parent(𝐵,𝐶).

In Datalog terminology, 𝐴, 𝐵 and 𝐶 are variable symbols, the atom “grandParent(𝐴,𝐶)” is the head
of the clause, while the conjunction “parent(𝐴, 𝐵), parent(𝐵,𝐶)” is its body. All variable symbols

that are used in the head of a clause must appear in its body. Constant symbols may appear

anywhere in a clause. Every Datalog theory admits a unique least Herbrand model [17], the set of all

the ground predicates that can be derived from the initial set of facts, through the application of the

clauses. The set of ground facts stored into a Datalog theory is often called its extensional theory; its

rules form the intensional theory. Datalog is a database-friendly language: ground predicates can be

easily stored into a relational database, by simply instantiating a relation instance (i.e. a table) for

every predicate symbol. Furthermore, for recursion-free Datalog theories the least Herbrand model

can be computed using standard relational algebra [21]. GDatalog [6] extends classic Datalog by

introducing an element of uncertainty: instead of producing a set of certain ground facts, clauses

are allowed to randomize the grounding of their head atom. For example, the following probabilistic

clause can be interpreted as follows: if 𝐶 is a city, and 𝑃 is the likelihood of precipitation in that
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city and 𝑇 is a timestamp, then we should sample a value𝑤 from {sun, rain} w.r.t. a Categorical
distribution parametrized by 𝑃 and emit the resulting fact for predicate “weather”.

weather(𝐶,𝑇 ,𝑤 ∈ {sun, rain} ∼ C𝑎𝑡J𝑃K) ← city(𝐶, 𝑃), ts(𝑇 ).

If we pair the above clause with the ground facts “city(fargo, [.1, .9])” and “ts(noon)”, then the

program will generate the ground fact “weather(fargo, noon, sun)” with probability .1, and the

ground fact “weather(fargo, noon, rain)” with probability .9. The key constraint 𝐶,𝑇 on predicate

“weather” ensures that only one value from {sun, rain} is sampled for any specific location and

moment in time.

To represent a Gamma Probabilistic Database instance we will use only two probabilistic clauses,

that are predetermined and will remain fixed in all the probabilistic programs. These two clauses

are:

obs(VarId,ObsId, 𝑣 ∈ 𝐷 ∼ C𝑎𝑡J𝑃K) ← lp(VarId, 𝐷, 𝑃),
sample(VarId,ObsId).

lp(VarId, 𝐷, 𝑝 ∈ S|𝐷 | ∼ D𝑖𝑟J𝐻K) ← dt(VarId, 𝐷, 𝐻 ).

HereD𝑖𝑟J𝐻K represents a Dirichlet density parametrized by vector𝐻 . No other probabilistic clause

is allowed in our programs; the rest of the program must consist of regular Datalog clauses, where

the use of predicates “dt”, “sample”, “obs” and “lp” is restricted as follows: (1) Predicate “dt” can

only be used in ground facts (or deterministic derivations); it is used to instantiate 𝛿-tuples and

declare their domains (𝐷) and hyper-parameters (𝐻 ). Attribute VarId must act as a key for it. (2)

Predicate “sample” is unrestricted, and can be used to draw samples from any 𝛿-tuple. Notice that if

the same grounding of predicate “sample” is derived multiple times, only one sample is generated.

(3) Predicate “obs” can only be used within the body of a clause, to gather the result of a sampling

operation. (4) Predicate “lp” cannot be used outside of the two fixed probabilistic clauses.

In conclusion, we will represent any Gamma Probabilistic Database instance G as a collection

of ground facts for the predicate “dt” (having one such fact for each 𝛿-tuple), together with the

two probabilistic clauses listed above. The Boolean constraints (Φ) will be expressed using classic

Datalog clauses and a provenance mechanism, as explained in the following section.

3.3 Provenance
We are now ready to equip our restricted fragment of GDatalog with a provenance/lineage [48, 49]

mechanism. In classic Datalog, lineage expressions are used to link every ground fact in the least

Herbrand model with all the facts in the extensional theory it can be derived from. For any fact 𝑡

in the least Herbrand model, the lineage of 𝑡 is a Boolean expression that uses the facts from the

extensional theory as literals, and identifies all the subsets of the extensional theory that allows us

to derive fact 𝑡 , through the intensional theory. For example, let’s consider the following Datalog

theory:

works-for(ada, bob).
works-for(ada, chloe).
works-for(bob, zoe).
works-for(chloe, zoe).
works-for(𝐴,𝐶) ← works-for(𝐴, 𝐵),works-for(𝐵,𝐶).
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The lineage expression of the ground fact “works-for(ada,zoe)” is defined as follows:

(works-for(ada, bob) ∧works-for(bob, zoe))
∨
(works-for(ada, chloe) ∧works-for(chloe, zoe))

In the context of GDatalog, each ground term of the predicate “obs” represents an atomic constraint

over a Bayesian die, and multiple such constraints can be composed together into a lineage expres-

sion. These lineage expressions will represent the constraints (Φ) of our probabilistic program.

Let 𝑡 be any ground fact that can be derived with non-zero probability, from now on we denote by

Ψ(𝑡) its lineage expression. If 𝑡 is a ground fact of any predicate other than “obs”, that can be derived

by joining𝑚 ground facts {𝑡1, .., 𝑡𝑚}, then we define the lineage of 𝑡 as (∧𝑚𝑖=1Ψ(𝑡𝑖 )). Similarly, if 𝑡

can be derived from any of the𝑚 ground facts {𝑡1, .., 𝑡𝑚}, then we define its lineage as (∨𝑛𝑖=1Ψ(𝑡𝑖 )).
We adopt special rules for ground instances of the predicate “obs”. By construction, predicate “obs”

can only be derived by one or multiple instances of predicate “sample”. Let’s denote by {𝑡1, . . . , 𝑡𝑚}
these ground instance of “sample”. We define the lineage of ground predicate “obs(var,obs,val)”

as (𝑋var [obs] = 𝑣𝑎𝑙) ∧ (∨𝑚𝑖=1 (Ψ(𝑡𝑖 ))). Furthermore, we declare the expression (∨𝑚𝑖=1 (Ψ(𝑡𝑖 ))) as the
activation condition for the constraint (𝑋var [obs] = 𝑣𝑎𝑙).
Since a 𝛾-PDB may contain deterministic relations, we assume that every deterministic exten-

sional fact has lineage ⊤, that we interpret as a Boolean variable that is true with probability

1.0.

It is crucial to notice that whenever two distinct ground facts are inferred by the same first-order

derivation, their lineage expressions will share the same structure (i.e. the same template). Thus, we

can represent a large collection of constraints using concise first-order logic theories, and leverage

such compact representation at compilation time.

3.4 Conditioning
Let process G be defined as a 𝛾-PDB paired with a GDatalog theory (under the syntactic restrictions

discussed above); in order to constrain G, we select a subset 𝐶 of the predicate symbols used

by G; we call 𝐶 the set of “constrained predicates”. We then define an additional deterministic

Datalog program K , that generates a set of ground instances for these predicates. Let’s denote

by 𝑅𝐺𝐶 the set of ground predicates generated by K , and by 𝑃𝐺𝐶 the set of all ground instances

of the constrained predicates that can be derived with non-zero probability from G. The Boolean
constraints of our probabilistic program are defined as follows

Φ
def

= {Ψ(𝑡)}𝑡 ∈ (𝑃𝐺𝐶∩𝑅𝐺𝐶 ) ∪ {¬Ψ(𝑡)}𝑡 ∈ (𝑃𝐺𝐶\𝑅𝐺𝐶 ) (17)

Whenever 𝑃𝐺𝐶 ⊆ 𝑅𝐺𝐶 holds true, we say that our program is positively constrained, and we simply

mark the constrained predicates with an asterisk (∗). We can conclude that a 𝛾-PDB, paired with a

(restricted) GDatalog theory and a conditioning Datalog program K , fully defines a probabilistic

program (G,Φ), as per Definition 1.

3.5 Latent Dirichlet Allocation
We are now ready to give our probabilistic programming language a test drive. We start by showing

how to encode the Latent Dirichlet Allocation (LDA) model from Example 2. We will assume that

the training data consists of ground predicates in the form “d(DOCID, POS, WORDID)”, where

DOCID identifies a document in the corpus, POS identifies a specific position within the document

and WORDID identifies the specific term used at position POS inside the document identified by

DOCID. Furthermore, we use the predicate ”t(TOPICID)” to declare unique identifiers for the topics
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that we want to extract. A plausible extensional theory with two documents and two topics is

provided below:

t(t1). d(d0, p0, ’the’). d(d1, p0, ’the’).
t(t2). d(d0, p1, ’cat’). d(d1, p1, ’dog’).

d(d0, p2, ’naps’). d(d1, p2, ’barks’).

The intensional theory instantiates two kinds of 𝛿-tuples, one that ranges over the set of words

(𝑤𝑠
def

= {barks, cat, dog, naps, the}) and another that ranges over the set of topics (𝑡𝑠 def

= {t1, t2}). They
are used to model the “blue” and “red” dice from Example 2, respectively:

dt( [red, 𝐷], ts, [1, 1, .., 1]) ← d(𝐷, 𝑃,𝑊 ).
dt( [blue,𝑇 ],ws, [1, 1, .., 1]) ← t(𝑇 ).

sample( [red, 𝐷], 𝑃) ← d(𝐷, 𝑃,𝑊 ).
sample( [blue,𝑇 ], [𝐷, 𝑃]) ← d(𝐷, 𝑃,𝑊 ), obs( [red, 𝐷], 𝑃,𝑇 ).

qa
∗ (𝐷, 𝑃,𝑊 ) ← d(𝐷, 𝑃,𝑊 ), obs( [blue,𝑇 ], [𝐷, 𝑃],𝑊 ).

The first clause instantiates one “red” die for each document in the corpus; the second clause

instantiates one “blue” die for each topic. The remaining three clauses encode the generative

process Glda described in Example 2: for each word in the corpus we throw the “red” die associated

with the document where the word is located (clause 3); based on the outcome of this first throw,

we choose one of the “blue” dice and roll it (clause 4); the word that we observe as the result of this

second throw must match the initial word that we observed in the corpus (clause 5). The following

mapping shows the lineage expressions generated by this program.

∀𝑑, 𝑝,𝑤
Ψ(qa(𝑑, 𝑝,𝑤)) ↦→ ⊕AC𝑡 ∈ts ((red, 𝑑) [𝑝] = 𝑡) ⊙ ((blue, 𝑡) [(𝑑, 𝑝)] = 𝑤))

Here 𝑑 denotes a document, 𝑝 as position and𝑤 a word. In the above lineage expressions the literal

((red, 𝑑) [𝑝] = 𝑡) acts as an activation condition for the literal ((blue, 𝑡) [(𝑑, 𝑝)] = 𝑤). Notice that
all the constraints are almost-read-once, as per Definition 2, and all share the very same template.

Running Algorithm 1 against this probabilistic program is functionally equivalent to running the

collapsed Gibbs sampler for LDA originally proposed by [50].

3.6 Hidden Markov Models
Hidden Markov Models (or HMMs [104]) are a popular probabilistic model for sequential data.

They are based on the assumption that some observed sequences of symbols are generated by a

latent, probabilistic finite state machine [129, 130]. The goal of the model is to learn the latent

parameters of these machines from the data [8]. The model is formally defined by a set of internal

states (𝐻 ) and a set of observable symbols (𝑉 ), paired with two probability distributions, one

defined over 𝐻 × 𝐻 (the state-transition distribution) and one over 𝐻 ×𝑉 (the symbol-emission

distribution). To express the model in our language, we assume that the training data is encoded as

a collection of ground predicates in the form “d(SEQID, POS, SYMB)”, where SEQID identifies a

training sequence, POS is a positional index and SYMB represents the character observed at position

POS of the sequence identified by SEQID. Furthermore, the predicate “eos(SEQID, POS)” marks

the last position in a sequence. We implement the HMM model by declaring two 𝛿-tuples, one to

represent the state-transition probabilities (tr) and another for the symbol-emission probabilities
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(em). The former will range over set trs

def

= 𝐻 × 𝐻 , the latter will range over set ems

def

= 𝐻 ×𝑉 .

dt(tr, trs, [1, 1, .., 1]).
dt(em, ems, [1, 1, .., 1]).
dd(𝑆, 𝑃1, 𝑃2,𝑉1,𝑉2) ← d(𝑆, 𝑃1,𝑉1), d(𝑆, 𝑃2,𝑉2), 𝑃2 = 𝑃1 + 1.

sample(tr,𝑂) ← dd(𝑆, 𝑃1, 𝑃2,𝑉1,𝑉2),𝑂 = [𝑆, 𝑃1, 𝑃2] .
sample(em,𝑂) ← d(𝑆, 𝑃,𝑉 ),𝑂 = [𝑆, 𝑃] .

seq(𝑆, 1, 𝐻1) ← dd(𝑆, 0, 1,𝑉0,𝑉1), obs(tr, [𝑆, 0, 1], [𝐻0, 𝐻1]),
obs(em, [𝑆, 0], [𝐻0,𝑉0]),
obs(em, [𝑆, 1], [𝐻1,𝑉1]) .

seq(𝑆, 𝑃2, 𝐻2) ← seq(𝑆, 𝑃1, 𝐻1), 𝑑 (𝑆, 𝑃2,𝑉2), 𝑃2 = 𝑃1 + 1,
obs(tr, [𝑆, 𝑃1, 𝑃2], [𝐻1, 𝐻2]),
obs(em, [𝑆, 𝑃2], [𝐻2,𝑉2]).

qa
∗ (𝑆) ← eos(𝑆, 𝑃), seq(𝑆, 𝑃, 𝐻 ).

For the reader’s convenience, the lineage expressions generated by this program are provided

below:

∀𝑠, 𝑝, ℎ
Ψ(seq(𝑠, 0, ℎ)) ↦→

[
em[(𝑠, 0)] = (ℎ, 𝑣𝑠,0)

]
Ψ(seq(𝑠, 𝑝, ℎ)) ↦→

[
em[(𝑠, 𝑝)] = (ℎ, 𝑣𝑠,𝑝 )

]
∧ [𝜒 (𝑠, 𝑝, ℎ)]

𝜒 (𝑠, 𝑝, ℎ) ↦→ [⊕ℎ′∈𝐻Ψ(seq(𝑠, 𝑝−, ℎ′)) ∧ tr[(𝑠, 𝑝−, 𝑝)] = (ℎ′, ℎ)]

Ψ(qa(𝑠)) ↦→
[
⊕ℎ′∈𝐻Ψ(seq(𝑠, p𝑓 , ℎ′))

]
Here 𝑠 identifies a training sequence, 𝑝 identifies a position within sequence 𝑠 , 𝑝− denotes the

position that precedes it, 𝑝 𝑓 the last position in sequence 𝑠 , 𝑣𝑠,𝑝 denotes the symbol at position

𝑝 of sequence 𝑠 , symbols ℎ and ℎ′ denote internal states. Figure 2 shows one DAG generated by

this probabilistic program, for a HMM with two internal states (ℎ0 and ℎ1) and two observable

symbols (+ and −). The sequence that generates the DAG is −−+. Notice that the lineage expression
is not almost-read-once (due to the use of the ∧ operator). The Gibbs update can nonetheless

be approximated with an almost-read-once DAG, consistently with the logic of blocked Gibbs

samplers.

4 IMPLEMENTATION
We implemented StarfishDB as an extension of Apache Acero, an experimental query engine that

is integral part of the Apache Arrow project. Acero is a relational, push-oriented [117] execution

engine, that offers efficient implementations for the physical operators typically found in database

systems (scan, projection, selection, join, group by, etc.). At the time of writing, Acero is mature

enough to support TPC-H queries. Internally, Acero adopts Apache Arrow’s representation format,

which is column-oriented [15] and optimized for vectorized execution[16].

We extended Acero with an additional physical operator, called Sampler. This operator is

responsible for the execution of the GibbsSatSampler method described in Algorithm 1. In a

nutshell, we use Acero as a grounding engine to compute a large, propositional representation of a
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probabilistic program; we then feed the data generated by Acero into the Sampler operator, that

uses just-in-time compilation techniques [91] to run Algorithm 1 efficiently.

4.1 Just-in-time compilation for Gibbs Sampling
A lineage expression template, as defined in Section 2.3, can be seen as an abstract Boolean constraint,

having a known structure (defined by the template itself) but unknown literals. Hence, we can use

expression templates to provide a compact, lifted representation of a large collection of Boolean

constraints, that all share the same common structure.

In our implementation expression templates are used to parametrize the Sampler operator. At

initialization time, the Sampler operator compiles the given template into a static function, that

implements the method SampleDSat defined in Algorithm 3. This function is tailored and optimized

for the structure defined by the template. Each tuple generated by the grounding engine (Acero),

and fed into the Sampler, represents a way to ground the template into a fully-defined Boolean

constraint, something that our just-in-time compiled function can sample from. Thus, the sampling

function simply reads the ground tuples one by one, and performs all the necessary steps to execute

a Monte Carlo simulation. The sampling function is compiled only once, but it is executed many

times, consistently with the logic of Algorithm 1. Thanks to recursive templates, we can represent

complex Boolean DAGs using multiple ground records. If that is the case, the grounding engine

will make sure to batch together all the records that refer to the same ground DAG. Recursive

templates allow us to process very complex DAGs, without the risk of compiling equally complex

sampling functions, that would likely saturate the instruction cache. Our implementation relies on

the ClangJIT compiler [37] to perform just-in-time compilation. ClangJIT is an experimental fork

of the LLVM project, that extends the clang compiler with the ability to compile C++ templates at

runtime. Consistently, our expression templates are implemented as a collection of variadic C++

templates, one for each of the following Boolean operators: ⊙, ⊗, ⊕, ¬ and ⟨★⟩.

Example 3. The table below represents the relation computed by Acero to ground the predicates

“seq(s,p,h)” from the DAG shown in Figure 2. The DAG is obtained by compiling the recursive template

⟨·⟩ ⊙ ((⟨·⟩ ⊙ ⟨★⟩) ⊕ (⟨·⟩ ⊙ ⟨★⟩)) once and then grounding it with each and every row in the relation

below.

rowID seqID pos out hs ps0 ref0 ps1 ref1

𝑟0 𝑠0 0 − ℎ0 NULL NULL NULL NULL
𝑟1 𝑠0 0 − ℎ1 NULL NULL NULL NULL
𝑟2 𝑠0 1 − ℎ0 ℎ0 𝑟0 ℎ1 𝑟1
𝑟3 𝑠0 1 − ℎ1 ℎ0 𝑟0 ℎ1 𝑟1
𝑟4 𝑠0 2 + ℎ0 ℎ0 𝑟2 ℎ1 𝑟3
𝑟5 𝑠0 2 + ℎ1 ℎ0 𝑟2 ℎ1 𝑟3

The use of a push-oriented query-engine is justified by our observation that most grounding plans can

be expressed with conjunctive queries. The idea of splitting a lineage expression over multiple ground

tuples was inspired by [3].

5 EXPERIMENTS
We verify claims (1) and (3) from Section 1 by compiling the LDA Datalog theory introduced

in Section 3.5 with StarfishDB. The resulting inference algorithm generated by our compiler is

functionally equivalent to the collapsed Gibbs sampler proposed in [50]. We choose to run LDA

because the model makes strong structural assumptions about exchangeability, as thoroughly

explained by Blei in [13]; therefore it is a natural match to our PP language, which follows the very

same design philosophy about exchangeability. Furthermore, LDA is popular enough within the
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Fig. 3. LDA single threaded benchmarking on NYTIMES using 20 topics
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(b) Test-Set PUBMED

Fig. 4. LDA single threaded benchmarking on PUBMED using 20 topics

NLP community to have excellent implementations. One of these comes with the Mallet library [77],

that offers a highly optimized implementation of the sampler proposed by [50]. Since both Mallet

and our system run the very same sampler, the comparison is fair and informative. Furthermore,

since we plan to extend StarfishDB with the support for variational inference, we also compare

it against the Online Variational Bayes (OVB, [52]) method implemented in Gensim. The goal of

this test is not to prove the superiority of any of the competing systems. It is simply to prove that

(1) it is possible to compile a PPDL theory into a functional LDA sampler, and (2) the resulting

code remains as practical as using an external library. We also notice that our LDA sampler can

be implemented by simply writing five PPDL clauses; the development of tools like Mallet and

Gensim requires much more effort and know-how. To compare the three implementations, we use

perplexity as a proxy for the likelihood of the data [132], as it is common practice in NLP. In general

terms, lower perplexity indicates a better fit of the model to the data. Nonetheless, the goal of our

test is not to assess the quality of the generated topics, but just to compare the convergence speed

of the three samplers. Our benchmark adopts two textual datasets, publicly available from the UCI

[32] Machine Learning Repository: NYTIMES, and PUBMED. The NYTIMES dataset consists of

299,752 news articles, collectively containing about 100 million tokens, with a unique word count of
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Fig. 5. LDA Multithreaded 50 topics benchmarking on NYTIMES using 1, 2, 4 and 8 threads
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(b) Test-Set PUBMED

Fig. 6. LDA Multithreaded 50 topics benchmarking on PUBMED using 1, 2, 4 and 8 threads

102,660. PUBMED, the largest dataset, includes about 8.2 million research paper abstracts, totaling

roughly 730 million tokens, drawn from a vocabulary of 141,043 distinct words. With each dataset,

we earmarked 5 percent of the documents for testing, chosen at random, and used the remaining

documents to train the model. The experiments are run on a 14-cores Xeon processor, operating

at a base frequency of 2.20GHz. The system is equipped with 256 GBs of RAM and runs RedHat

Linux, version 7.9. Each run of StarfishDB and Mallet consists of 20 iterations of the collapsed

Gibbs sampler; each run of Gensim consists of 40 iterations of OVB. For all the three competing

inference algorithms, we parametrize the priors of LDA in the same way: the symmetric Dirichlet

prior over the document composition is set to 0.2, the symmetric Dirichlet prior over the topics’

compositions is set to 0.1. Figures 3 and 4 reports the results of our test executed in single-threaded

mode. The figures plot perplexity against execution time. The execution time is averaged over

three runs, and excludes any time spent on I/O operations or grounding. Overall we observe that

the performance of StarfishDB remains comparable with one of the other competitors. In the next

batch of experiments (Figures 5 to 8), we assess the ability StarfishDB to automatically parallelize

the operator Sampler. We compare it with the parallel implementation of LDA offered by Mallet.

As described in [92, 135], this implementation leverages model-specific optimizations, that assume
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Fig. 7. LDA Multithreaded 100 topics benchmarking on NYTIMES using 2, 4 and 8 threads
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Fig. 8. LDA Multithreaded 100 topics benchmarking on PUBMED using 2, 4 and 8 threads

sparsity of topic-to-words assignments. StarfishDB, being designed as a general-purpose tool for

probabilistic programming, does not implement any model-specific optimization. Nonetheless, it

still manages to reach a comparable convergence time.

We verified claim (2) from Section 1 by compiling the HMM Datalog theory presented in Sec-

tion 3.6. We tested the resulting inference algorithm against a simple synthetic classification

problem with three labels. We used three pre-trained HMM models, with three internal symbols

and three observable symbols each, to generate random sequences. Then we used StarfishDB to

train three additional HMM models, sharing the same structural assumptions (3 internal states and

3 observable symbols), with the goal of associating each test sequence with the correct generating

HMM. The classifier reached a near-perfect accuracy of 99.67%.

6 RELATEDWORK
Our work combines contributions from many different fields; below we discuss some relevant

works from the literature, comparing and contrasting with our approach.
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Probabilistic Programming. Probabilistic programming [47, 124] has emerged as one of the

leading approaches to Bayesian AI [42], with applications in many domains, including com-

puter vision [65], computer graphics [109], natural language processing [108], data cleaning

[68], cognitive [45] and environmental science [63], large-scale simulations [9, 10] and many

others. Several research communities have independently developed competing PP systems, with

major contributions from the fields of statistics [19, 85, 86, 99, 119, 123, 125], programming

languages [4, 7, 23, 40, 53, 54, 88, 94, 97, 98, 111], AI [38, 61, 100, 107, 113], machine learning

[44, 71, 82, 84, 112, 124] and, more recently, database systems [6, 78] . No single language has

emerged as inherently superior to the others: each language excels in specific modeling scenarios,

and offers a very unique trade-off of expressive power, inference speed, practicality and ease

of use. We can broadly categorize PP languages by the programming paradigm they adopt, ei-

ther imperative [11, 46, 75, 82, 84, 94, 98, 112], functional [33, 44, 71, 97, 119, 124] or logic-based

[6, 61, 107, 113, 128], and the inference methods they support, either approximate or exact. General

purpose languages tend to rely on approximate inference methods; these include likelihood weight-

ing [83], slice sampling [101], Metropolis-Hastings [51, 81], Gibbs Sampling [41], Sequential Monte

Carlo [133], Hamiltonian Monte Carlo [90], variational methods [12, 64]. Exact inference methods

are much more robust in terms of accuracy and soundness, but are limited to models that admit

either a tractable factorization or a closed symbolic representation. These methods include variable

elimination [137], weighted model counting [22], Boolean circuits [53], lifted inference [29, 58],

sum-product expressions [111], symbolic inference [40]. In the vast world of PP, StarfishDB can be

characterized as a logic-based, relational language, whose syntax is restricted to discrete distribu-

tions with continuous conjugate priors; our language is targeted at Bayesian models with strong

exchangeability assumptions, and uses collapsed Gibbs sampling for fast, approximate inference.

StarfishDB relies heavily on compilation techniques to speed up inference; such approach has been

successfully explored and validated by other languages [19, 131, 134].

Statistical Relational Learning. Statistical Relational Learning [106] is a branch of AI that stud-

ies the use of logic-based methods for probabilistic reasoning over relational structures, with

applications in statistical machine learning. The field has introduced a number of innovative PP

languages [6, 61, 105, 107, 113], that use restricted fragments of first-order logic (such as Horn

clauses, datalog, prolog or answer-set programming) to express probabilistic models. Unlike the

traditional systems, these languages are declarative in nature, and can represent large propositional

programs in a very compact form, through the use of concise first-order theories [126]. StarfishDB

belongs to this family, and inherits the same properties. PPDL [6] is the logic-based language that

is closest to ours; similarities and differences between the two are discussed in detail in Section 3.

Knowledge Compilation. A recent trend in AI is to study probabilistic models that admit a

tractable representation, with the goal of supporting exact inference. Efforts in this direction include

frameworks like probabilistic decision graphs [55], and/or search spaces [30, 73], multi-valued

decision diagrams [74], Boolean/arithmetic circuits [26], sum-product networks [102], probabilistic

sentential decision diagrams [62]. Some of these methods have enough expressive power to encode

deep neural networks [96], and have been used for a variety of AI tasks, including sampling [67, 118],

equivalence testing [103], fairness assessment [116]; an excellent survey is provided in [24]. Many

of these techniques have also found application into proper PP languages [53, 111], especially

in the context of Statistical Relational Learning [36]. Good examples are ProbLog2 [31] and the

Dice language [53], that use, respectively, compilation to d-DNNF expressions and binary decision

diagrams (BDDs) to speed up inference. StarfishDB adopts similar strategies, but with a different

goal: rather than using knowledge-compilation techniques to perform direct likelihood estimation,

we use them to sample from conditional distributions and perform Gibbs sampling. This allows

StarfishDB to support a broader class of Bayesian probabilistic models, that generalizes the tractable
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ones. LDA provides a practical example of a Bayesian model for which no tractable exact inference

is known, neither for parameter learning or simple likelihood estimation [132]. Thus, the use of

Dirichlet priors makes StarfishDB more flexible when compared against languages like Dice, or

any other system that depends on tractable, exact inference.

Database Systems. Integrating ML workloads into existing database management systems has

been a long-standing goal for the data management research community [14, 34, 56, 115, 138]. This

effort has been split between the development of systems that offer scalable relational engines for

inference tasks [18, 39, 66, 87, 122, 139], that often use factorized representations [57, 59, 60, 93, 95],

and systems that use AI methods to analyze the data they store [70, 110, 114, 136]. Research in

database systems has also contributed to the field of Statistical Relational Learning, through the

development of probabilistic databases [121].

7 CONCLUSIONS
We introduced a novel query execution engine to perform inference over Gamma Probabilistic

programs. Unlike the original implementation from [78], the new engine supports recursion,

advanced factorization techniques, and leverages just-in-time compilation. In the future we plan to

investigate the ability of our probabilistic programming language to model and enforce relational

fairness constraints [35].
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